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Abstract 

In this paper, we derive explicit sharp two-sided estimates for the Dirichlet heat kernels of 
a large class of symmetric (but not necessarily rotationally symmetric) Levy processes on half 
spaces for all t > 0. These Levy processes may or may not have Gaussian component. When 
Levy density is comparable to a decreasing function with damping exponent P, our estimate is 
explicit in terms of the distance to the boundary, the Levy exponent and the damping exponent 
j3 of Levy density. 
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1 Introduction 

Classical Dirichlet heat kernel is the fundamental solution of the heat equation in an open set with 
zero boundary values. Except for a few special cases, explicit form of the Dirichlet heat kernel is 
impossible to obtain. Thus the best thing we can hope for is to establish sharp two-sided estimates 
of Dirichlet heat kernels. See [21] for upper bound estimates and m for the lower bound estimate 
for Dirichlet heat kernels of diffusions in bounded domains. 

The generator of a discontinuous Levy process is an integro-differential operator and so it is a 
non-local operator. Dirichlet heat kernels (if they exist) of the generators of discontinuous Levy 
processes on an open set D are the transition densities of such Levy processes killed upon leaving 
D. Due to this connection, obtaining sharp estimates on Dirichlet heat kernels is a fundamental 
problem both in probability theory and in analysis. 

Before ini, sharp two-sided estimates for the Dirichlet heat kernel of any non-local operator 
in open sets are unknown. Jointly with R. Song, in m for the fractional Laplacian := 
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— (—A)“/^ with zero exterior condition, we succeeded in establishing sharp two-sided estimates in 
any open set D and over any finite time interval (see [3] for an extension to non-smooth open 
sets). When D is bounded, one can easily deduce large time heat kernel estimates from short 
time estimates by a spectral analysis. The approach developed in m provides a road map for 
establishing sharp two-sided heat kernel estimates of other discontinuous processes in open subsets 
of (see [21 El El EU [El [H [El [HIM]). In [2ni[El[Il|, sharp two-sided estimates for the Dirichlet 
heat kernels pnit, x, y) of and of m — (m^/“ — A)“/^ are obtained for all t > 0 in two classes of 
unbounded open sets: half-space-like open sets and exterior open sets. Since the estimates in 
[2ni[Ei[ii] hold for all t > 0, they are called global Dirichlet heat kernel estimates. An important 
question in this direction is for how general discontinuous Levy processes one can prove sharp 
two-sided global Dirichlet heat kernel estimates in unbounded open subsets of M'^. 

We conjectured in [131 (1.9)] that, when D is a half space-like open set, the following two- 
sided estimates hold for a large class of rotationally symmetric Levy process X whose Levy exponent 
of X is 'I'(ICI): there are constants ci,C 2 ,C 3 > 1 such that for every {t,x,y) G (0, oo) x D x D, 


1 

Cl 


- "') (vmmm "') ^ 


( 1 . 1 ) 


where p{t, x) is the transition density of X. In this paper, we use as a way of definition. For 
a, 6 G M, a A 6 := min{a, b} and aV b := max{a, b}. 

Recently, the above conjecture is confirmed in [6[ Theorem 5.8] for rotationally symmetric 
unimodal Levy process whose Levy exponent x —)• T(ja;j) satisfies the following upper and lower 
scaling properties: there are constants 0 < /3i < /32 < 2 and C > 1 so that 


c 


-1 


^ ^{R) 
r ) “ T(r) 



for any i? > r > 0. 


( 1 . 2 ) 


Condition (|1.2I) implies that the Levy process is purely discontinuous, and by [H Corollary 23], its 
Levy intensity kernel x ^ j{\x\) satisfies 


0-1 


lx]'^‘h(lx]) 


< i(kl) < 


[a:]‘^$(lxl) 


for all X / 0, 


(1.3) 


where <I>(r) := max| 2 ,|<^ l/'I'(l/jx]). It is easy to see that ^(r) is comparable to l/'I'(l/r). It follows 
from (11.21) that the same two-sided estimates hold for $ in place of T. Thus condition (11.21) excludes 
damped Levy processes such as relativistic stable processes. We remark here that under condition 
o, it follows as a special case from [E] that the transition density p{t, x) of the rotationally 
symmetric unimodal Levy process has the following two-sided estimates: 


-1 


$ ^{t) A 


xj'^^dxl) 


< p{t, x) < c ( <I> ^(l) A 


]x]'^$(lxl) 


for all t > 0 and x G (1.4) 


In this paper, we mainly focus on estimate dni) when D is a half space and we prove that 
dEU) holds for a large class of symmetric Levy processes which may not be isotropic and may have 
damped Levy kernel. Moreover, our symmetric Levy processes may or may not have Gaussian 
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component. Once the global Dirichlet heat kernel estimates for upper half space and short time 
heat kernel estimates on open sets are obtained, one can then use the “push inward” method 
introduced in [20] to extend the results to half-space-like open sets. See Remark 17.21 For 
recent results on short time Dirichlet heat kernel estimates for symmetric Levy processes in 
open sets, we refer the reader to [misi. Note that, for all symmetric Levy process in M, except 
compound Poisson processes, the survival probability IPx(C > i) of its subprocess in the half line 
(0, oo) is comparable to 

^ ^ maxo<j^<i/3, 

Vi 

where x —)• 'I'(|x|) is its characteristic exponent (see [271 Theorem 4.6] and jS] Proposition 2.6]). 
This fact, which is used several times in this paper, is essential in our approach. 

We now give more details on the main results of this paper. In this paper, d > 1 and X = 
{Xt,FV t>o xsK'* ^ symmetric discontinuous Levy process (but possibly with Gaussian component) 
on with Levy exponent 'k('^) and Levy density J where P 3 ;(Xo = x) = 1. That is, X is a right 
continuous symmetric process having independent stationary increments with 


Ex 


^ii-(Xt-Xo) 




for every x G and ^ G 


(1.5) 


Throughout this paper, we assume that X is not a compounded Poisson process, which corresponds 
exactly to the case that 'k is unbounded. It is known that 


aiVVj + {I-cos{Vy))J{y)dy for ^ = (^i,--- ,^rf) G M'^, 

jRd 


where A = {aij) is a constant, symmetric, non-negative definite matrix and J is a symmetric 
non-negative function on \ {0} with /]^d(l A \z\‘^)J{z)dz < oo. 

When 

exp d^ < oo for t > 0, (ExpL) 


/ 


the transition density p{t, x, y) = p{t, y — x) of X exists as a bounded continuous function for each 
hxed t > 0, and it is given by 


Moreover, 


p{t,x) := (27r)-'^ [ t > 0. 

jRd- 


p{t, x) < {2Tr) f e = p{t,0) 

jRd. 


< oo. 


( 1 . 6 ) 


Clearly, condition (ExpL) holds if j=i^ij^Vj > 0- Conversely, suppose that, for every 

t >0, Xt has a probability density function p{t, x) under Pq and that x e-)- p{t, x) is L^-integrable. 
Then (11.51) can be rewritten as 



^-tm) 


and so, by the Plancherel theorem, e G L^(M'^) for every t > 0; that is, (ExpL) holds. Hence 
condition (ExpL) is equivalent to the existence of transition density function p{t, x) of X that is 
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L^(M'^)-integrable in x for every f > 0. If we assume that X has a transition density function 
p{t,x) that is continuous in x, then, since J^dP{t,x)‘^dx = p{2t,0) < oo, (ExpL) holds. See [26l 
Proposition 4.1] for additional discussion on condition (ExpL). 

Let 

'I'*(r) := sup 'I'(z) (1.7) 

\z\<r 

and use to denote the non-decreasing function 

^ > 0 - ( 1 - 8 ) 

Note that since ^'(z) is a continuous unbounded function on 4/* is a non-decreasing continuous 
function on [0, oo) with 'h*(0) = 0 and lim^-^-cxa'h*(r) = oo. Consequently, <1> is a non-decreasing 
continuous function on [0, oo) with 4>(0) = 0 and hmr_>.oo‘h(r) = oo. The right continuous inverse 
function of <I> will be denoted by the usual notation 4>“^(r); that is, 

<h“^(t) = inf{s > 0 : <l)(s) > t}. 

Note that 0 < 4>~^(t) < oo for every t > 0 and limt^o+ = 0. Define for r > 0, 

^l{r) := sup 4'((0,...,0,s)). 

s£{—r,r) 

We consider the following condition: there exists a constant c > 1 such that 

'I'*(r) < c'I']](r) for all r > 0. (Comp) 

Condition (Comp) is a mild assumption that is satisfied by a large class of symmetric Levy pro¬ 
cesses, see Lemma [2.9l Under assumptions (ExpL) and (Comp), we derive in Lemma [2.10l a useful 
upper bound estimate for Dirichlet heat kernels. 

In general, the explicit estimates of the transition density p{t, y) in depend heavily on the 
corresponding Levy measure and Gaussian component (see nm)- On the other hand, scale- 
invariant parabolic Harnack inequality holds with the explicit scaling in terms of Levy exponent 
for a large class of symmetric Levy processes (see m Theorem 4.12], [SI Theorem 4.11] and our 
Theorem 15.,ip . Motivated by this, we first develop a rather general version of Dirichlet heat kernel 
upper bound estimate in Proposition 13.61 under the assumption that parabolic Harnack inequality 
PHI($) and (UJS) hold. See Section 3 for the definition of PHI(<h). We say (UJS) holds if there 
exists a positive constant c snch that for every y E 

J{y) < / J(y — z)dz whenever r < \y\/2. (UJS) 

Note that (UJS) is very mild assumption in our setting. In fact, (UJS) always holds if J{x) x 3 {\x\) 
for some non-increasing function j (see [3 page 1070]). Moreover, if J is continuous on \ {0}, 
then PHI($) implies (UJS). In fact, using (|3.1I) below instead of [3 (2.10)], this follows from the 
proof of [3 Proposition 4.1]. We also show in Theorem 13.21 that PHI($) implies (ExpL). 

Assume in addition that for every t > 0, x —)• p{t, x) is weakly radially decreasing in the following 
sense: there exist constants c > 0 and Ci, C 2 > 0 such that 

p{t,x) < cp{Cit,C 2 y) for t E (0,oo) and jxj > \y\ > 0. (HKC) 
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We remark here that the same assumption with Ci = 1 for small t was made in m- Then our 
Dirichlet heat kernel upper bound estimate obtained in Propositions 13.61 yields the desired upper 
bound estimate in (11.11) . Moreover, we show that this assumption on p{t,x) (see Sections [H below) 
and the upper bound of pD{t,x) imply a very useful lower bound of pnit^x); see Theorem 14.51 
Jointly with T. Kumagai, in [THl [HI [9] we have established two-sided sharp heat kernel estimates 
for a large class of symmetric Markov processes. In Sections [SHTl we assume the jumping kernels 
of our Levy process satisfy the assumptions of [llllllTH], that is, conditions (UJS), (15.41) and (15. 5 p 
of this paper. Then all the aforementioned conditions (ExpL), (Comp), PHI(4>), (HKC) are 
satisfied. Using the two-sided heat kernel estimates for symmetric Markov processes on from 
[HI |9l dH] (see Theorem 15.3p and our lower bound estimates for Dirichlet heat kernels in Theorem 
14.51 we obtain two-sided global Dirichlet heat kernel estimates (17.4p . essentially prove the conjecture 
(jl.ip for such symmetric Levy processes and for D = M. See Remark l7.2l fil for details. Furthermore, 
our estimates are explicit in terms of the distance to the boundary, the Levy exponent and the 
damping exponent (3 of Levy density; see Theorem 17.II 

In this paper, we use the following notations. For any two positive functions / and g, f ^ g 
means that there is a positive constant c > 1 so that c~^ g ^ f ^ eg on their common domain of 
definition. For any open set V, we denote by 6v{x) the distance of a point x to the boundary of V, 
i.e., 6v{x) = dist(x, dV). We sometimes write point z = {zi,..., Zd) G as (z, Zd) with T G 
We denote H := {x = {x,Xd) G > 0} the upper half space. For a set W in M'^, W and 

|IU| denotes the closure and the Lebesgue measure of W in M'^, respectively. Throughout the rest 
of this paper, the positive constants oq, ai, Mi, Ci, i = 0,1,2,, can be regarded as hxed. In the 
statements of results and the proofs, the constants c* = Ci{a, b,c,...), i = 0,1,2,... , denote generic 
constants depending on a,b,c,..., whose exact values are unimportant. They start anew in each 
statement and each proof. The dependence of the constants on the dimension d > 1 may not be 
mentioned explicitly. 


2 Setup and preliminary estimates 


Let be a symmetric Levy process on with Levy exponent 4'( 2 :) and Levy density J{z). Recall 
the definition of the non-decreasing functions T*(r) and 4>(r) from (11.71) and (11.81) . respectively. 
We emphasize that the Levy process X does not need to be rotationally symmetric. The following 
is known and true for any negative definite function (see [231 Lemma 1]). 

Lemma 2.1 For every t > 0 and A > 1, 

For an open set D, denote by td := infjt > 0 : X^ ^ D} the first exit time of D. 

Theorem 2.2 There exists a constant c = c{d) > 0 such that 

Po(|Xt| > r) < ct/^{r) for {t,r) G (0,oo) x (0,oo). (2.1) 

Consequently, there exists ei = si (d) > 0 such that for all r > 0, 

Po {TB{0,r/2) > U^(r-)) > 1/2. (2.2) 
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Proof. (12.ip is a consequence of [28l (3.2)] and [23l Corollary 1]. 

Since the Levy process X is conservative, (12.11) implies by [H Lemma 3.8] that for every t, r > 0, 

Po {TBio,2r) <t) = '^0 ^sup |Xs| > 2r^ < 2c2t/$(r). 

Thus Pq ("^ 5 ( 0 ,r/ 2 ) ^ £i‘h(r)) < 2c2ei<h(r)/<l>(r/2), which by Lemma [2T] is no larger than 20c2ei. 
Taking £i = l/(40c2) proves the theorem. □ 


Recall that J is the Levy density of X, which gives rise to a Levy system for X describing the 
jumps of X. For any x G stopping time S (with respect to the filtration of X), and nonnegative 
measurable function / on M_|_ x x with /(s, y,y) = 0 for all y and s > 0 we have 




' / r \ ' 

j;/(s,X,_,X,) 

s<S 

= Ex 



(2.3) 


(e.g., see [THl Appendix A] and the proof of [T71 Lemma 4.7]). 

The following is a special case of [231 Corollary 1], whose upper bound will be used in the next 
lemma. 


Lemma 2.3 For every r > 0, 


1 

- < 

2‘h(r) 





8(1 + 2d) 
<h(r) 


where 


d 

||A|| ;= sup V 


Using Lemma 12.31 the proof of the next lemma is rather routine (see [251 Lemma 4.10]). In 
fact, this lemma is proved in [231 Lemma 3 and Corollary 1] for a = 1/2. The proof for general a 
is similar. Thus we skip the proof. 


Lemma 2.4 For every a G (0,1), there exists c = c{a) > 0 so that for any r > 0 and any open set 
U with U C B{0, r), 


Px {Xru e B{{),rf) < Ea;[ri 7 ], a; G U n R(0,ar). 

4>(r) 

Note that for d-th coordinate Xf of Xt = (X/,..., Xf) is a Levy process with 


E., 




= E 


(0,x) 




= e for every x G M and r/ G M. 


That is, Xf is a 1-dimensional symmetric Levy process with Levy exponent := 'I'(((l,r/)). 

Throughout this paper we let 'I']^(r) := sup 2 g(_^,.)'I'i(z) and use to denote the increasing 
function 


4'i(r) = 


1 


^j(r-i)’ 


r > 0. 
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Clearly 


and <I>(r) < $i(r). 

Since th := inf{i > 0 : Xf > 0}, by [SJ Proposition 2.6] (see also [271 Theorems 3.1 and 4.6]) 
all symmetric Levy processes, except compound Poisson processes, enjoy the following estimates of 
the survival probability on H. 

Lemma 2.5 Suppose that is unbounded, then there exists an absolute constant C > 0 such that 
C-i A 1 ^ < P,(rH >t) <C A 1 ^ . 

Let 

:= inf |t > 0 : Xf ^ (O, r) | 

Combining |5l Lemma 2.3 and Proposition 2.4] we have 

Lemma 2.6 Suppose that Ti is unbounded, then there exists an absolute constant c > 0 such that 
for any r S (0, oo) and 

IE(o,,)[r^^] < c4'i(r)^/24>i((5(o,,.)(x))^/^ forx€{0,r). 

Recall that, when (ExpL) holds, the transition density p{t,x,y) := p{t,x — y) oi X exists as a 
bounded continuous function. In this case, for an open set D we define 

PD{t,x,y) := p{t,x,y)-¥.,,[p{t - TD,Xro,y) ■. TD <t] fort>0,x,yeD (2.4) 

Using the strong Markov property of X, it is easy to verify that pnit, x, y) is the transition density 
for X^, the subprocess of X killed upon leaving an open set D. 

Lemma 2.7 Suppose (ExpL) holds. Then for every {t,x,y) £ (0, oo) x H x H, 


PM{t,x,y) < 3C'^p(t/3,0) 
where C is the constant in Lemma ro 


^i{dm{x)) 


A 1 




A 1 


Proof. Since by (II. 6p 


sup pM{t/^,z,w) < supp{t/3,z) =p{t/3,0), 

z,w£M. z^M. 


using the semigroup property and symmetry we have 

PM{t,x,y)= / / puit/3,x,z)pm{t/3,z,w)pMit/3,w,y)dzdw 
JmJm 

< p{t/3,0)F^{TM > t/3)Fy{m >t/3). 

Now the lemma follows from Lemma 12.51 □ 

Using (12.31) . the proof of next lemma is the same as the one in US Lemma 3.1] so it is omitted. 
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Lemma 2.8 Suppose (ExpL) holds. Suppose that Ui,U 3 ,E are open subsets ofW^, with Ui,U 3 C 
E and dist{Ui,U 2 ,) > 0. Let U 2 ■= E\{Ui U U^). If x ^ Ui and y G U^, then for every t > 0 we 
have 

PE{t,x,y) < Px G t^2) • sup pEis,z,y) 

^ ^ s<t,zeU2 

+ f Fx {tuj^ > s)¥y {te > t — s) ds ■ sup J{u — z). (2.5) 

Jo ueUi,zeU 3 

Recall condition (Comp) from the Introduction. The next lemma says that it is a mild as¬ 
sumption. 

Lemma 2.9 Suppose there are a non-negative function j on (0, 00 ) and a > 0 Cj > 1, i = 1, 2, 
such that 

d 

cf^a\y\’^ Oi^jyiyj <cia\y\^ and cf^j{\y\/c 2 )<J{y)<cij{c 2 \y\) forally£M^, (2.6) 

*J=i 

Then c“^'&*(r) < 'I'*(r) < c'I'l(r), and so (Comp) holds. 


Proof. Let 

'/’(ICI) = + / i^-cos{^-y))j{\y\)dy. 

jRd 

By a change of variables, (12.6p implies that 

^(0 < Cl cos(^ • y))j{c 2 \y\)dy'^ 

< C3 + ^^(1 - COs(cf^^ ■ z))j(lzl)dz^ = C30(|C|/C2). 

and 

'I'(0 > cf^ - cos(^ • y))J(lyl/c2)dy^ > C50(c2|C|) 

Thus by Lemma [2Tl which holds for any negative definite function, 'I'*(r) x sup5<^0(s) x 'I'^r) 
for all r > 0. □ 

Using Lemma [T8l we can obtain the following upper bound of pM(t,x,y). 

Lemma 2.10 Suppose (ExpL) and (Comp) hold. For each a > 0, there exists a constant c = 
c(a, 'b) > 0 such that for every {t,x,y) G (0,oo) x El x El with a^~^{t) < \x — y\, 


Pu{t, X, y) A 


sup pmis,z,y) 

{s,z):s<t,I^Z^^\z—y\<^L^zJil 

At) sup J{w)j. 


+ 


(2.7) 








Proof. If (Ih( 3 ^) > ^(f)/(24), by Lemma [TT] 


i HUx)) ^ /l 

V t -y $(4>-i(f)) -\/2a2 + (24)2' 

Thus (j2.7p is clear. 

We now assume Je(2;) < a<I>“^(f)/(24) < |x—y|/(24) and let xq = (x,0), Ui := i?(xo,a‘I)“^(t)/(12))n 
H, U 3 := {z £ M : I2; —x| > |x —y|/2} and U 2 ■= ]HI\([/i Ut/3). Recall that Xf is the d-th coordinate 
process of X with Levy exponent = '^((O,??)). Clearly, 

rc/i < inf |t > 0 : Xf ^ (O, a$-^(t)/12) | =: rf 

Applying Lemma [2.61 on the interval (O, o<h“^(t)/12) and assumption (Comp), and noting Lemma 
EH we have 

Ex [tui] < [rf] < Cl v't^(<5H(x)). (2.8) 

Since \z — x\ > 2“^|x — y\ > for z G U 3 , we have for u £ Ui and z £ U 3 , 

1 1 

\u — z\>\z — x\ — |xo — x\ — |xo — u\ > -\x — y\ — 6~^a‘h~^(t) > -|x — y\. 

A (J 

Thus, f7i n C/3 = 0 and, 

sup J(u — z)< sup J{u — z)= sup J{w). (2-9) 

u£Ui,z£U 3 {u,z):\u—z\>^\x—y\ w:\w\>^\x—y\ 

Since for z G C/2 

2 I ^ y I 

-\x — y\ > \x — y\ + \x — z\ > \z — y\ > \x — y\ — \x — z\ > -—-—^ > a2“^4>“^(t), 

we have 


sup pm{s,z,y)< 

s<t, z(iU2 

Moreover, by Lemma 12.51 and (Comp) 


sup 


pm{s,z,y). 


( 2 . 10 ) 


/ Ex (tc/i > s) (th > t - s) ds < [ P 3 ; (th > s) (th > C - s) ds 
Jo Jo 



< 


t — s 


< 


C 4 v^4'((5H(a;)) (V^(dH(y)) A VtJ j —^=^==ds 

a VPj . 
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Applying this and (12.5p . (12.81) . (|2.9I) and (|2.10l) . we obtain, 


pu{t, X, y) < ce Pa; {tui > s) Fy {m>t- s) ds sup J{w) 

•'O w.\w\>^\x—y\ 

+ C6Pa;(-^7T7 e C /2 ) sup p{s,Z,y) 

^ '' s<t, Z&U2 

< sup J{w) 

w:\w\>\\x-y\ 

+C6Pa;(^ri7j G C/2j SUp p{s,Z,y). 

Finally, applying Lemmas 12.41 and 12.II and then (j2.8p . we have 

Px(^r^^ GC/ 2 ) <F^(^Xr^^ G B{xo,a^-\t)/{l2)y'^ < jEa^K] <C9t-^/V^('5H(x)). 
Thus we have proved (12.7p . □ 


Example 2.11 Let d = 1, and 

( 00 

l + ^nl[„,„+2-"](|y|) 

n=l 

or 

00 

Jiv) = +J2'^Mn,n+2-r^]i\y\)- 

n=l 

In either case, the Levy exponent for symmetric Levy process having j{y) as its Levy intensity 
is comparable to |^|". So conditions (ExpL) and (Comp) are satisfied. Consequently results in 
this section are valid for this Levy process. However, in either case, j does not satisfy (UJS) at 
points n when n is large (nor (15.5p below). 

3 Consequences of parabolic Harnack inequality 

Let Zg := iys,Xs) be the space-time process of X, where Vg = Vq — s. The law of the space-time 
process s Zg starting from {t,x) will be denoted as 

Definition 3.1 A non-negative Borel measurable function h{t,x) on [0, 00 ) x is said to be 
parabolic (or caloric) on (a, 6] x B{xo,r) if for every relatively compact open subset U of {a,b] x 
B{xo,r), h{t,x) = E(i a:) [^(-^r^)] cvcry {t,x) G U Ci ([0,oo) x where := inf{s > 0 : Zg^ 
C/}. 

It follows from the strong Markov property of X and (j2.4p . {t,x) 1 —)• pD{t,x,y) is parabolic on 
(0, 00 ) X D for every y G D. 

Throughout this section, we assume the following (scale-invariant) parabolic Harnack inequality 
PHI(4>) holds for X: For every 6 G (0,1), there exists c = c{d,6) > 0 such that for every 
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xq G io ^ 0, i? > 0 and every non-negative fnnction u on [0, oo) x that is parabolic on 
(to, to + 45$(i?)] X B(xo, R), 


sup n(ti,yi)<c 


inf 

it2,y2)&Q+ 


u(t2,y2) 


PHI($) 


where Q- = {to+6^(R),to+2S^(R)]xB(xo, R/2) andQ^ = [to+35<h(i?), to+45‘h(ii)] xi?(3:o,-R/2). 

Theorem 3.2 Suppose that PHI($) holds. Then (ExpL) holds and so the Levy process X has a 
bounded continuous density function p{t,x). Moreover, there is a constant c > 0 so that 


p(t,x) < c($ ^(t)) for every t > 0 and x G 


(3.1) 


Proof. Let / > 0 be an arbitary bounded L^-integrable function on Clearly u(t, x) := Ptf(x) = 
Kx[f(Xf,)] is a non-negative parabolic function on (0, oo) x Thus by PHI($) and the symmetry 
of the semigroup {Pt ;t > 0}, for every xq G and t > 0, 



Ptfixo) < Cl 


This implies that X has a transition density function p(t, x) and p(t, x) < C2(4>“^(t))“'^ a.e. on 
Consequently, as mentioned earlier in the Introduction, (ExpL) holds by the Plancherel theorem, 
which in turn implies that p(t, x) is bounded and jointly continuous and so (13.11) holds. □ 


Under the assumptions PHI($) and (UJS), we can derive an interior lower bound for PD(t, x, y) 
for all t > 0; see Propositions 13.41 and 13.51 Similar bound for t < T was obtained in [16] for 
subordinate Brownian motions with Gaussian component. In this section, we use the convention 
that 6d(-) = oo when D = M'^. 

The next lemma holds for every symmetric Levy process and it follows from [281 (3.2)] and [231 
Corollary 1]. 

Lemma 3.3 For any positive constants a, b, there exists c = c(a, 6, 'L) > 0 such that for all z G 


and t > 0 


inf 

y£B{z,a^~^{t)/2) 


IPj/ > bt) > C. 


For the next two results, D is an arbitrary nonempty open set. 


Proposition 3.4 Suppose PHI($) holds. Let a > 0 be a constant. There exists c = c{a) > 0 such 
that 


PD(t,x,y) > c(4' ^(t)) (3.2) 

for every (t, x, y) G (0, oo) x D x D with 5d(x) A Sniy) > ^^“^(t) > 4|x — y\. 


(3.2) 
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Proof. We fix {t,x,y) G (0,oo) x Dx D satisfying 5d{x) /\5D{y) > a'f’ ^{t) > 4\x — y\. Note that 
\x — y\ < a<h“^(t)/4 and that 

B{x,a^-\t)/A) C B{y,a^-\t)/2) C B{y,a^-\t)) C D. 


So by the symmetry of po, PHI($), Theorem I.S.21 and Lemma [2Tl there exists ci = ci(a) > 0 
such that 

ciPD{t/2,x,w) < pD{t,x,y) for every rc G-B(x,a<h“^(t)/4). 

This together with Lemma l3.,3l yields that 


PDit,x,y) > — -/ pD{t/2,x,w)dw 

\B{x,a<^ Ti)/4)| 7B(x,a<E.-l(d/4) 

> C2(4>"^(t))“'^ / PB(x,a^-Ht}/4){t/‘2,X,w)dw 

= C2(4>"^(t))“'^Pa; (rB(^,a<j,-l(t)/ 4 ) > t/2) > C 3 (4>"^ 


where Cj > 0 for i = 2,3. 


□ 


Recall the condition (UJS) from the Introduction. 

Proposition 3.5 Suppose PHI($) and (UJS) hold. For every a > 0, there exists a constant 
c = c(a) > 0 such that pD(t,x,y) > ctJ{x — y) for every {t,x,y) G (0,oo) x D x D with 5 d{x) A 
dniy) > a^~^(t) and < 4|x — y\. 


Proof. By Lemma [T3l starting at z G B{y, (12) ^(t)), with probability at least ci = ci(a) > 

0 the process X does not move more than (18)“^a‘h“^(t) by time t. Thus, using the strong Markov 
property and the Levy system in (12.31) . we obtain 


P, {X^eB{y, 6-^a^-\t))) 

> G B{y, (12)“^a4>“^(t)) and t A is a jumping time ) 


f 


= ClE; 

By (UJS), we obtain 

E. 




J{Xs — u)duds 


(3.3) 




= P. 

> C2$ 

> C2$ 


u,-*- I 

I J{Xs — u)duds 

fl 

'^{tf j E,, -y) 

-n/f I 

Jt/2 Je 


/O (12)-la<I>-l(t)) 

ft 


S(y,(12)-la<E.-l(L) 

ds 


1/2 ./B(a:,(72)-la$-l(t/2)) 


J{w- y)pB(x,ii8)-^a<i>-Ht)){s,x,w)dwds. (3.4) 
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Since, for f/2 < s < t and w G B{x, (72) ^(f/2)) 

<5B(x,(i8)-ia<i.-i(t))(w^) > - (72)-^a<^-\t/2) > 2-^(18)"^a$"^(s) 

and 

|x - y| < (72)"^a$”^(f/2) < 4"^(18)“^a$"^(s), 
we have by Theorem 13.21 and Lemma ITTI that for t/2 < s < t and w G B{x, {72)~^{t/2)), 

P B{x, {18)-^a^-Ht))is,X,w) > C3 > C 3 (4>“^ (3.5) 

Combining (|3.3I) . (|3.4I) with (|3.5p and applying (UJS) again, we get 


Pn 


(xf e B{y, 6 ^a4> ^(t))) >C 4 t [ 

Je 


J{w — y)dw 

B(a:,(72)-la<I>-l(t/2)) 

>C5t(4>"^(t/2))'^J(x -y)> C(it{^~^{t)fj{x - y). 


(3.6) 


In the last inequality we have used Lemma l2.II The proposition now follows from the Chapman- 
Kolmogorov equation along with (|3.3p . (|3.4p and Proposition 13.41 Indeed, 


PD{t,x,y) = / pD{t/2,x,z)pD{t/2,z,y)dz 

Jd 

> / pD{t/2,x,z)pD{t/2,z,y)dz 

JB{y,a<S>-i(t/2)/6) 

> CQC7tJ{x-y). 


□ 


We now apply Lemma [2.101 to get the following heat kernel upper bound. 

Proposition 3.6 Suppose (Comp), PHI($) and (UJS) hold. Then there exists a constant c > 0 
sueh that for every {t, x, y) G (0, oo) x H x H 

PH(La:,I/) < sup p{t,w). 

t / \\ t ^ \w\>\x-y\/6 


Proof. By Lemma 12.71 and Theorem 13.21 
Pmit,x,y) < ci(4>~^(t))"'^ 


^((5H(a:)) 


A 1 




t / \' ^ 

If 4>“^(t) > |x — y\, by Proposition 13.41 p{t,x — y) > C 2 (‘h“^(t))“'^. Thus 


A 1 


Pu{t,x,y) < C3 


4>((5H(a:)) 

t 


A 1 


t 


A 1 p(t,x- y). 


(3.7) 


13 
















We extend the definition of p{t, w) by setting p{t, w) = 0 for t < 0 and w G For each 
fixed G and t > 0 with \x — y\ > 8r, one can easily check that {s,w) p{s,w — y) is a 
parabolic function in (— 00 , 00 ) x B{x,2r). Suppose < \x — y\ and let ( 5 , 2 :) with s <t and 

<\z — y\ < . By PHI($), there is a constant C 4 > 1 so that for every t > 0, 

supp(s, z-y) < C 4 p(t, 2 - y). 

S<t 

Hence we have 


sup p{s, z — y) < sup pit, z — y) = C 4 sup pit, z). (3.8) 

Using this and Lemma 12.101 and Proposition 13.51 we have for every it,x,y) G (0,oo) x H x H with 
^~^it) < |x - y\. 


Pnit,x,y) 

<C5{^ 


^(5H(a;)) 


A 1 


sup pit, z) + 


Atj sup Jiw)j 

' \ I I cc —ry I ' 




<C6 

<2C6 


^>(Jh(®)) 


All sup pit,z)+ sup pit,w)\ 

^ \h|>|a:-t/|/2 \w\>\^-y\/^ J 


‘h((5H(a:)) 


All sup pit,w). 


In view of (|3.7p . the last inequality holds in fact holds for all it,x,y) G (0,oo) x El x H. Thus we 
have by an analogy of (13.811 that for every it,x,y) G (0, 00 ) x H x El with \x — y\> <I>“^(t), 


sup Pmis,z,y)<c^ 

s<t,i2L^<\z-y\<^^^ 

<C8 


t 

^(<^H(y)) 


A 1 j sup sup pit, w) 

^ |2-2/|>|3;-y|/2 h|>|2-y|/3 

All sup pit,w). 

^ \w\>\x-y\/^ 


(3.9) 


Therefore by Lemma 12.101 Proposition 13.51 and (13.911 . 
Puit,x,y) 


<C9 


/ / $((I]i(x) y^ l\ I PMis,z,y) + (^/Wi^^(Jj)) At) sup Jiw)) 




f ^iduix)) \ f ^iSmiy)) ^ f ^ \\ 

<cio V- - -V-:-sup pit,w)+ sup pit,w)] 

t /\V t / y|«,|>|a:-i/|/6 H>\x-y \/3 J 


<2cio 




■All sup pit, w). 
^ \w\>\x-y\/& 


□ 


14 












































4 Condition (HKC) and its consequence 


Under the condition (HKC), clearly we have the following by Proposition 13.61 


Theorem 4.1 Suppose that conditions (Comp), PHI($), (HKC), and (UJS) hold. Then there 
exists a constant C 3 > 0 such that for every (t, x, y) G (0, 00 ) x H x H 


Pw{t, X, y) < C 3 


<1>((5h(3;)) 

t 


A 1 


Al^p{Cit ,6 ^C 2 {x-y)). 


We consider the following condition. 




(4.1) 


It is equivalent to 


lim sup ' 

M—^OOf^Q $(iU4> ^(^)) 


lim supt'I'*(M ^4/* ^(1/t)) = 0. 

M^oo t>0 


(4.2) 


The following gives a sufficient condition for (jl.ll) . 


Proposition 4.2 Suppose that X has a transition density function p{t,x) that is continuous at 
X = for every t > 0 and p{t, 0) < c(4>“^(t))“'^ < 00 for all t > 0. Then condition (14.111 holds. In 
particular, PHI($) implies that the condition (sm holds. 


Proof. Since X has a transition density function p[t, x) that is continuous at x = 0 for every t > 0, 
J^dP{t/2,x)‘^dx = p{t,0) < 00 . It follows then is integrable on and so 

p{t,x) = {27r)-^ [ 
jRd 

In particular, = (27r)'^p(t, 0) < ci(<h“^(t))“'^ for every t > 0. In other words, 

[ e-^(«)/"de<ci(4>-Hl/r))-'=' = ci((^*)-^(r))'^, r > 0. 

JR'* 

Thus, for all R,r > 0 we have 


e-'^*(R)R\B{0,R)\< [ < ci((4'*)-^(r))'^. (4.3) 

■Jb{0,R) 

Note that 'I'*(r) is a non-decreasing continuous function on [0, 00 ) with ^^*(0) = 0 and 
lim^^oo'I'*(r) = 00 . Thus for every r > 0 and A > 1, there is i? > 0 so that 'I'*(i?) = Ar. 
Hence we have from ()4.3I) that e“^(('h*)“^(Ar))'^ < C 2 (('I'*)“^(r))'^, and so 


(^*)-i(Ar) 

7^ 




< (C2e^)^/''. 


(4.4) 


For M > 1, let A = A(M) = log(M'^/c 2 ) so that ( 026 "'')^/'^ = M. Then by (14.4|) with s = (4'*) ^(r) 
we have Ms > (4'*)“^(Ar). In other words, ^*{Ms) > Xr = log(M'^/c2)4'*(s). Therefore 


^*(s) 1 

^>0 4'*(Ms) “ log(M'^/c2)’ 


which goes to zero as XI —)■ 00 . The last assertion of the theorem follows directly from Theorem 

[321 n 
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Lemma 4.3 Suppose that (14.11) holds. Then for each fixed c > 0 the function 

Hc{M) := c"'^supP (|Xt| > cM$-^(i)) 
t>o 

vanishes at oo; that is, limM->-cxD HfiM) = 0. 


Proof. By Theorem 12.21 we have 


supP(|X,| > cM<p-\f)) < c, 


which goes to zero as M —>• oo by (14.211 . 


□ 


For the remainder of this section, we assume that conditions (Comp), PHI($), (HKC) and 
(UJS) hold, and discuss some lower bound estimates oipu{t,x,y) under these conditions. We first 
note that by (Comp) and Lemma 12.51 there exists Cq > 0 such that 


^0 


4>((5H(a;)) 

t 


A 1 < 


,(p,>t)<c„ (yh^Al' 


(4.5) 


We denotes by the unit vector in the positive direction of the x^-axis in 
Lemma 4.4 There exist ai > 0 and Mi > 4ai such that for every x G El and t > 0 we have 


pu{t,x,u)du > 4: M 


where f,x{t) := x + ai^~^{t)ed and Co is the constant in ()4.5I) . 

Proof. By Theorem 14.11 and a change of variable, for every t > 0 and x G 


/ pM{t,x,u)du 




a l) p(c,t, 6“'C2(x - u))di 


{uGlH[:$(5]H[('u))<at} ^ J 

p{Cit, 6 ~^C 2 {x — u))du 


' {?xGH[:^>(5jn[(w))<at} 


<C 3 ^(y«Al 

<Coy/a A 1^ J p{Cit, 6 ~^C 2 {x - u))du 


--C3{6/C2)'^V^(^^^^^^Ai\ l^^piCit,w)dw = C3i6/C2yV^ n ^duix)) 


A 1 . (4.6) 


Choose ai > 0 small so that C'3(6/C2)'^^/oi < (86*0)“^ where Cq is the constant in ( 14 . 5 p . 

For X G H, we let f,x{t) := x + ai^~^{t)ed. For every t > 0, M > 2 ai and u G H n 
B{^x{t), M^~^{t)Y, we have 


\x-u\> l^^(t) -u\-\x- Cxit)\ > |?x(i) -u\- ai4> ^(t) > (1 - ^)\Cxit) - u\ > ^\(x{t) - u\ 
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Thus using Theorem 14.11 and condition (HKC), by a change of variable we have for every t > 0 
and M > 2ai, 


/ 




Pu{t,x,u)du 


<C3h/hi!i(£)),d/ 


t 


Al p(C'if, 6 '^C2{x — u))du 


<C3 1 All/ p{cft, iuy^ciiut) - u))du 


< 6-3 1 All/ piCft, {12)-^Clu)du 


=C^[{12)-^CIY / p(Clt, v)dv I a/ A 1 

WS(0,(12)-iC|M#-i(t))'= / 


<1>(5h(x)) 


<C3i/(i2)-ic|(M) I A 1 I . 


(4.7) 


By Lemma 031 and Proposition 14.21 we can choose Mi > 4ai large so that C' 3 iL(i 2 )-ic 2 (Mi) < 
8 “^ • Cq^. Then by (j4.5p . (j4.6l) . (|4.7I) and our choice of oi and Mi, we conclude that 


/ 

J{u 

-■ / Pm{t,x,u)di 

Jw 


iu- f 




PMit,x,u)du 

Pu{t,x,u)du - / 

Ju 


{uSH: <I> ((5]a (“)) <“i i } 


pu{t,x,u)du 


>4-i.cAL/hi!^Mj. 


□ 


For X G 11 and t > 0, let ^x(t) '■= x + ai<l> and define 

B(x,t) := {zeMnB(^x(t),Mi<p-\t)) : <1>(Sm(z)) > ait} . (4.8) 

Theorem 4.5 There exist ci,C 2 > 0 such that for all {t,x,y) G (0,oo) x H x H, 


PH(La;,i/) > Cl 1^ 1^ r inf puit/3,u,v) 


> C2 


4»((5h(x)) 

t 


A 1 


t 


A1 X 


(4.9) 


inf puit/3,u,v) i/|x - y| > 4Mi4> ^(f), 

(u,v)-.2Mi<S> l(t)<|u-'u|<3|a:-ii|/2 , . 

^ *(%(>*))A*(%(K))><i4t ( 4 .iUj 

(4>~^(f))'^ i/|x — y| < 4Mi‘^“^(f). 
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Proof. By Chapman-Kolmogorov equation, 


PM{t,x,y) > / pM{t/3,x,u)pM{t/3,u,v)pM{t/3,v,y)dudv 

JB{y,t) JB{x,t) 

>( inf pM{t/3,u,v)) / / p]a{t/3,x,u)p]a{t/3,v,y)dudv. 

\(u,v)GB{x,t)xB{y,t) J JB(y,t) JB{x,t) 

Thus (j4.9p follows from Lemma 14.41 

Observe that for (u, u) G B{x,t) x B{y,t), 


lCx(i) - = 1^^ - y|> 5 h(w) A(5h(u) > ai4> ^(t), 


(4.11) 


and 

\x - y\ - < \u - v\ < \x - y \ + \u - Cx(i)l + |n - Cy{'t)\ < \x - y\ + (4.12) 

When \x — y\ > 4Mi$“^(t), we have by (I4.12p that for {u,v) G B{x,t) x B{y,t), 

\x — y\/2 < |u — uj < 3|x — y\/2 
and so 2Mi<l>“^(t) < |m — u|. Thus, for \x — y\> 4Mi4>“^(t), 

inf pM{t/3,u,v) > inf pM{t/3,u,v). (4.13) 

{u,v)^B{x^t)xl3{y,t) {u,v)\2Mi^~'^ {t)<\u — v\<Z\x — y\/2 

When \x — y\ < 4Mi<l)“^(t), by (I4.12p |u —u| < 6Mi^~^{t) for {u,v) e B{x,t) x B{y,t). Thus 
using (14.lip and PHI($) (at most 2 + 12[Mi/ai] times) and Lemma 1 2. II and Proposition 16.21 we 
get 

PM{t/3,u,v) > cipB{t/6,u,u) > for every {u,v) G B{x,t) x B{y,t). (4-14) 

(j4.10l) now follows from (14.91) . (14.131) and (|4.14p . □ 


5 Heat kernel upper bound estimates in half spaces 


In this section, we consider a large class of symmetric Levy processes with concrete condition on 
the Levy densities. Under these conditions, we can check that conditions (Comp), (HKC) and 
PHI($) all hold. Thus we can apply Proposition 13.61 and Theorem l4.5l to establish sharp two-sided 
estimates of the transition density of such Levy processes in half spaces. 

Suppose that is an increasing function on [0, oo) with V’i(^) = 1 for 0 < r < 1 and there are 
constants 02 > 02 > 0, 72 > 71 > 0 and fd G [0, 00 ] so that 

< 'i/’i(^) < for every 1 < r < 00 . (5.1) 


Suppose that 4>i is a strictly increasing function on [0, 00 ) with (/>i(0) = 0, (/>i(l) = 1 and there 
exist constants 0 < 03 < 04 and 0 < /3i < /32 < 2 so that 


“nvl - 7(7 


< 04 - 




for every 0 < r < R < 00 . 


(5.2) 
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Since 0 < /3i < /32 < 2, (|5.2p implies that 

rs r 

Jo Ms) " Mr)^ Jr 


-ds 


sMs) " Mr) 


for every r > 0. 


(5.3) 


Throughout the remainder of this paper, we assume that (UJS) holds and that there are 
constants 7 > 1, ki, ^2 and oq > 0 such that 


d 

7"^oo|?P < ^ < laoM for every ^ e M"*, 

* 7=1 


and 


7 


-1 


|x|'='(/>i(|x|)V’i(k2|x|) 


< J{x) < 7' 


x\'^M\xMi{>^i\A) 


for x G 


(5.4) 


(5.5) 


Note that (UJS) holds if ki = K 2 in (|5.5I) . 

Recall $ is the function defined in (II.Sp . The next lemma gives explicit relation between $ and 

01- 


Lemma 5.1 When /3 = 0, 


4>(r) X I + i’^l{ao>o} for r € [0,1] 


[Mr 


for r > 1; 


while for /3 G (0, oo] 


4>(r) X I ‘^r(^)^Uo=o} + r^l{ao>o} for r G [0,1], 
I for r > 1. 


(5.6) 


(5.7) 


Proof. By Lemma [23] and (15.4p . 


^ + / ( I ] J{z)dz 


4>(r) r2 


Thus, by (15.511 and (15.11) 




Ms) 


.-^2i2s-ds+ I ds 


sMs) 






f 

Jr 


sMs) 




When /3 = 0, it follows from (|5.3p and (|5.8p that 
1 (Xf) _fj / s 

10 Ms) 


O'O -2 
+ r 


r ‘ : r 1 . „ “0 , 1 


Mr) 


for r > 0. 


4>(r) r2 Jo 4>i{s) sMs) 

Note that taking R = 1 and r = 1 in (|5.2p . we have 

(fi{r) > af^r^^ > af^r‘^ for r G [0,1] and </>i(R) < for R > 1. 


(5.8) 


(5.9) 


(5.10) 
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This together with (15.91) establishes (15.61) . 

When r > 1 and /3 > 0, 

roo 1*00 

/ ds < Cl / s-^ds < cir-^/2. 

Jr Jr 

Thus by (15.2p . for /3 > 0 and r > 1, 


-2 


L 




< r 


0 

roo 

Jo 


ds + 


1 




ds 


s 4 >i{s) 

£__j_ / ^ ^ „_„-2 






< csr-", 


while 


-2 


/•r 

Jo 




10 Ms) 

By dST]), for r < 1 and /3 > 0 


>M f -M 

sMs) Jo Ms] 


e '^2725 2 ^ 


,-2 


r- /-oo 


io 


Jr SM 


^-Kl7lS^ 


ds 


< r 


< 


-2 


sM 


Ms) 

1 /*^ 1 /*oo 

-^ds+ / ^^ds+ / 
l(s) 501 (s) di 


C 4 , ^ *^5 

C 4 < 




and 


/•r 


,-2 / _f_ 

/O '/’l('S) 


r ~ I —r-re '^ 272 S ^g _j_ 


/* 00 1 r'c 

/ > e-^272^-2 / > ^6 

Jr ^4^1 ( 


S(/>i(s)" — - ■ 

These combined with (15.81) and (I5.10D immediately yield (15.71) . 

As an immediate consequence of Lemmas and 12.91 and 15.11 we have the following. 


□ 


Corollary 5.2 The conditions dUD, (ExpL) and (Comp) hold. 


Since we have assumed (UJS), (j5.4p and p5.5p . our Levy process X belongs to a subclass of the 
processes considered in [T8l|T9l[8l[9]. Therefore p(t, x, y) is Holder continuous on (0, oo)xM'^x]R‘^ and 
for every open set D, transition density pD{t,x,y) for the killed process is Holder continuous 
on (0, 00 ) X D X D . Define 

r) = exp(-rVi)- (5.11) 

Recall that oq is the ellipticity constant in (15.4p . For each a,T > 0, we define a function hay:'{t,r) 
on {t,r) € (0, T] x [0, 00 ) as 


ha,T{t,r) 


aop''{t,ar) + {<^ ^{t) ‘^A{tj{ar)) 
< texp^—a^r (log^)*'^ 
Jt/{Tr))^^ 


if /3 £ [0,1] or r G [0,1], 

if /3 G ( 1 , 00 ) with r > 1, (5.12) 

if /3 = 00 with r > 1; 
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and, for each a,T > 0, define a function ka^T{t,r) on {t,r) G [T, oo) x [0,oo) as 


ka,T{t,r) := < 


'^-l(t)-'^ 

A [(ao/(t,ar)) +tj{ar)] 

II 

o 

exp 

fair^Arfr^) 

if/I £ (0,1], 

t-d/2 

1 -ar ({1+ log+ rTf-^)/h 

if /3 £ (1, oo) 

t-d/2 g^p 


if /3 = oo. 


(5.13) 


Note that r —)• ha^T{t,r) and r — ka^T{t,r) are decreasing. 


Theorem 5.3 The parabolic Harnack inequality PHI($) holds. Moreover, for each positive con¬ 
stant T, there are positive constants Ci, i = 1,... 6, which depend on the ellipticity eonstant oq of 
dsai), such that 

C2 kl) < P{t,x) < C2hc3,T{t,\x\) 

and 

Cf^kc 5 ,T{t,\x\) < p{t,x) < CAkcQ,T{t,\x\) 

In particular, the condition (HKC) holds. 

The above two-sided estimates on p{t,x,y) follow from [18], Theorem 1.2] and [U Theorems 1.2 
and 1.4] when oq = 0, and from [191 [9] when oq > 0. Note that even though in [18] Theorem 1.2] 
and lU Theorems 1.2 and 1.4] two-sided estimates for p{t,x,y) are stated separately for the cases 
0 < t < 1 and t > 1, the constant 1 does not play any special role. In fact, for example for T < 1 
one can easily check 


for every {t,x) € (0,T] x 
for every {t, x) £ [T, oo) x R'^. 


C‘s^hc 2 ,i{t,r) < hci^T{t,r) < C3hc2,i{t,r) ont<T, 

and the two-sided estimates for p{t, x) hold for the cases 0 < t < T and t > T, and can be stated 
in the above way. 

Remark 5.4 We remark here that in [U Theorems 1.2(2.b)], the j log 1^^] term should replaced 
by 1 -|- log"*" In the proof of jH] Theorems 1.2(2.b)], the case that \x — y\ t when /3 £ (1, oo) 

missed to be considered. Once taking into account of that missed case. One can see from |8] that 
(I5.13P is the correct form. See the statement and the proof of Proposition 16.71 below for the lower 
bound. 


We now present the main result of this section. 

Theorem 5.5 There exist ci,C 2 > 0 such that for all {t,x,y) £ (0,oo) x IHI x 


PMit,x,y) < Cl 


^(<^H(a^)) 

t 


A 1 


^(<^h(;/)) 

t 


A 1 


hc 2 ,iit, \x - yl/6) 
\x - y|/6) 


ift £ (0,1), 
ift £ [l,oo). 
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Proof. Since r —)• ha,T{t,r) and r —)• ka,T{t,r) are decreasing, by Theorem 15.31 

hc2,iii, |«^|) if t e (0,1), 


sup p{t,w) < Cl 

< Cl 


SUP^.1^<|^| \w\) if t e [1: oo), 

6 ' 

hc2,i{t,\x - y\/6) iftG(0,1), 


kc2,i{t,\x-y\/6) ifie[l,oo). 
This together with Proposition 13.61 proves the theorem. 


□ 


6 Interior lower bound estimates 

In this section, we derive following preliminary lower bound estimates on pB_{t,x,y). Recall that 
we have assumed (UJS), (|5.4I) and (|5.5I) . 

Theorem 6.1 Let a,T be positive constants. There exist c = c(a,/3i,/32,/3,T) > 0 and = 
< 74 ( 0 ,/?!,/32,/3,T) > 0 such that 


pu{t,x,y) > c 


hCi,T(t,\x - y\) i/te(0,T), 


kc 4 ,T{t,\x - y\) ifte[T,oo), 

for every {t,x,y) € (0, 00 ) x H x 11 with A(5H(y) > 

We will prove this theorem through several propositions. The following proposition follows 
immediately from Propositions 13.41 and 13.51 Lemma l5.II and condition (I5.5p . 

Proposition 6.2 Let D be an open subset of For every a > 0, there exists a constant c = 
c{a) > 0 so that 

PD{t,x,y) > c((d>"^(t))“'^ Atj(|x - 2/1)) 
for every {t,x,y) € (0, 00 ) x Dx D with 6d{x) A bniy) > a^~^{t). 

Proposition 16.21 yields the interior lower bound for p£){t,x,y) and p{t,x,y) for the case /3 = 0 
and oo = 0. Proposition 16.21 also yield the interior lower bound for pD{t,x,y) and p(t,x,y) for the 
case /3 E (0,1], t < T and qq = 0. As a direct consequence of Proposition 13.51 we have 

Corollary 6.3 Suppose fi € (0,oo). For every a,T,C^ > 0, there exist ci,C 2 > 0 so that 

Pm{t,x,y) > 

for every {t,x,y) € [T, 00 ) x H x M with (iH(a^) A (5 h( 2/) > a$“^(t) and \x — y\ > C^^~^{t). In 
particular, when 0 < f3 <1, for every a,T,C* > 0, there exist ci,C 2 >0 such that 

puit, X, y) > cit when \x — y\'^~^ > t/C^, (^H(a^) A (^H(y) > o<h“^(t) and t >T. 
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The last assertion in Corollary 16.31 holds because for t >T (by Lemma l5.II) . and 

for t > T and x,y with jx — > t/C*, one has \x — yp > ct where c = 

A standard chaining argument give the following Gaussian lower bound. The proof is similar 
to the one of [HI Theorem 5.4], 

Proposition 6.4 Suppose 13 G (0,oo]. For every C^,,a,T > 0, there exist constants ci,C 2 > 0 such 
that 

PM{t,x,y) > cif'^/^exp 

for every {t,x,y) G [T, oo) x HI x H with (5H(a^) A (5H(y) > a4>“^(t) and Cf\x — y\ < t/T. 


Proof. By considering t/T instead of t, without loss of generality we assume T = 1. Fix a 
constant C* > 0 and let R := \x — y\. When t > 1 > i?, by Proposition 16.21 and (15.7p . pD{t,x,y) > 
> C 2 t~'^^‘^. When t > > 1, note that < C 3 <l)(r) for some C 3 > 0. Thus in view of 

Lemma l2.11 by applying the parabolic Harnack inequality PHI($) at most 3(1 + 16a“^)c3 times, 
we have from Proposition 13.41 that p£){t,x,y) > C 4 ^~^{t)~^ > c^t~'^l‘^. Hence we only need to 
consider the case 1 V {CifR) < t < R? (so C* < 1), which we now assume. By (j5.7ll . there exist a 
constant cq G (0,1) such that 

c/f^y/s > 4>~^(s) > coy/s for every s > 2“^(C'*)^. 

Thus (5H(a:) A 6u{y) > acoy/t. 

Let n be the smallest positive integer so that t/n > (R/n)'^. Then 


1 < R^/t < n < 1 + R^/t < 2R^/t and 2{R/n)‘^ > t/n > {R/n)"^. 
Since t>C^,R, by (16.11) 


t > t 
n ~ 1 + R?/t 




t + R^ 


> 2 


-1 


>2-(a 


( 6 . 1 ) 

( 6 . 2 ) 


Let x = xo, xi, • • • , Xn = 2 / be the points equally spaced on the line segment connecting x to y so 
that \xi — Xj+i| = R/n for i = 0, • • • , n — 1. Set Bi := B{xi, 2“^acoi?/n). Since t/n > {R/n^ (by 
(16.11) 1 and t/n > 2“^(C*)^ (by (I6.2p l. we have for every (yj,yj_|_i) £ Bi x Bj+i, 


SuiVi) F dmiyi+i) > acoy/t - 2 ^acoR/n>2 ^acoy/t/n>2 ^acl^ ^{t/n) 


and 

4|yj - yj+i| < 4(1 + 2“^aco)i?/n < 4(1 + 2~'"aco)y/tJn < 4(co ^ + 2~^a)^~^{t/n). 

By Proposition 13.41 and applying PHI($) at most N times, where N depends only on a, $ and C* 
(or by Proposition 16.2p . we have 

PM{t/n,yi,yi+i) > Cfi{t/n)~‘^/‘^ for every (yj,yi+i) £ Bi X Bj+i. (6.3) 
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Using ()6.3p and then (16.ip . we have 


PMit,x,y) > 


iBi 


' Bn-l 


pu{t/n,x,yi).. .pu{t/n,yn-i,y)dyi. ..dyn-i 


> C8(t/n)“'^/^exp(-C9n) > ciof'^^^exp 


(6.4) 


□ 


Proposition 6.5 Suppose ao,a > 0. There are positive constants ci and C 2 so that 

Pmit,x,y) > A ^^f'^/^exp ^ ^ +tji\x-y\)^ 

for every (t, x, y) € [0, oo) x H x El with (5H(a;) A (5H(y) > a4>“^(t) if either /3 e [0,1] or \x — y\ <1. 

Proof. We first consider following five cases: (1) f > 1 and \x — y\ < 1 when /3 £ [0,oo], (2) t > 1 
and x, y £ when /? = 0, (3) \x — y\‘^~^ > t > 1 when /3 £ (0,1], (4) f < 1 and \x — y\ >1 when 
(d £ (0,1] (5) \x — y\‘^ < t < 1 when fd £ [0, ooj. 

Using the condition (15.51) . we see that for these five cases it holds that for every ci > 0 there is 
C 2 > 0 such that 

exp < C 2 tj{\x - y|). (6.5) 

Hence by Propositions [62] and [63] and (I5.6l) - (l5.7p . it suffices to consider the case when t < \x — y\^ < 
1, which we will assume for the remainder of the proof. 

By (I5.6I) - (I5.7I) . there is a constant ci £ (0,1/2) so that cir^ < 4>(r) < r^/ci. Set R= |x — y|. 
Let n to be the smallest integer so that t/n > cf^{R/n)'^. Observe that ^ < n < Let 

xq = X, xi,..., Xn = y be the evenly spaced points on be the line segment connecting x to y so that 
jxi — Xj+i| = R/n. Let Bi = Bi{xi, aR/An). Then for every we have for every (y*, y^+i) G BiX Hj+i, 

dwiUi) A (5H(yi+i) > a^/^ - aR/2n > a^lffil2 > 2“^aci4>“^(t) 


and 

4|yi - yj+i| < 4(1 + a)i2/n < Sy^cU/n < 84>“^(t/n). 

By Proposition 13.41 and applying PHI($) at most finite many times (or by Proposition 16.21) . we 
have 

PH(i/n,yi,yi+i) > C 3 (f/n)“'^/^ for every (yi,yi+i) £ x Bi+i. (6.6) 

Using (16.61) and then (|6.ip . by the same argument in (|6.4p we have 

PM{t.,x,y) > C 4 t“'^/^exp _ 

This together with Proposition 16.21 gives the desired lower bound interior estimate for t < |x —yp < 
1. This completes the proof of the proposition. □ 
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Proposition 16.21 Corollary 16.31 and Propositions 16.4116.51 give the desired interior lower bound 
stated in Theorem 16.11 for p^{t,x,y) when f3 G [0,1]. We now consider the case f3 = oo and the 
case /3 G (l,oo) separately. 


Proposition 6.6 Suppose that T,a > 0 and /3 = oo. Then, there exist constants Ci 
z = 1, 2, such that for any x,y inM with (5h(3^) A 5H(y) > we have 


pw{t,x,y) > Cl 


(rlx-yj 


C2\x-y\ 


when jx — y| > 1 V {t/T). 


Ci{a,T) > 0, 


(6.7) 


Proof. By considering t/T instead of t, without loss of generality we assume T = 1. We let 
:= \x — y\ > 1. We define k as the integer satisfying (4 <)4Ri < k < 4Ri + 1 < 5i?i and 
rt := Let x = xo,xi,--- ,Xk = yhe the points equally spaced on the line segment 

connecting x to y so that \xi — Xj+i| = Ri/k for z = 0, ■ ■ ■ , k — 1 and Bi := B{xi,rt), with 
z = 0,1, 2,..., fc. Then, > 2rt and Bi = B{xi, rt) C B{xi, 2rt) C HI, with z = 0,1,2,..., A:. 

Since 4i?i < k, for each yt G Bi we have 

1 1 1 

Ivi - yi+i\ < \yi - Xi\ + \xi - Xi+i\ + |xi+i - yi+i\ ^g+“^ + g<2' 

Moreover, - \yi - Xi\ > rt > rt/k and t/k < Ri/k < 1/4 

Thus, by Proposition 16.21 and (16.81) . there are constants Cj = Ci{a) > 0, z = 1,2, such that for 
{yi,yi+i) G BiX Bi+i we have 


Pu{t/k,yi,yi+i) > Cl [(/^^{t/k) ^A- - 

V \yi - yi+irMwi - yi+i\) J 

> C2 {ff^{t/k)~‘^ At/k'j = C2 (1 A {t/k)) = C2 t/k. (6.9) 

Observe that 4i?i < k < 2{k — 1) < 8i?i, 4>f^{t/k) > {t/k)^/^^ and rt > rt/k- Thus, from (16.9p 

we obtain 

m{t,x,y)> ... pu{t/k,x,yi).. .pu{t/k,yk-i,y)dyk-i .. .dyi 

J B\ d Bk_i 

> {c2t/k)'^U^ll\B,\ > {c2t/k)^cl-\t/k)<^^^-^^/f^^ 

> C4{c5t/k)'^^^ > C7(c8f/i?l)"®^l > Clo(t/i?l)'^“^L 


□ 


Proposition 6.7 Suppose that T > 0, a > 0 and fd G (l,oo). Then, there exist constants Ci = 
Ci{a, /3, r) > 0, z = 1, 2 such that for any x,y inW with (fH(®) A (fH(y) > a^~^{t) we have 


pu{t,x,y) > cifexp 





T\x-y\ ''^ 




ift<T,\x-y\ > 1, 


and 


pmit, X, y) > at exp ( -C2 ( |x - yj ( 1 + log+ 


r|x-y|\ 


ift>T,\x-y\ > t/T. 
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Proof. Without loss of generality we assume T = 1. We fix a > 0, and we let Ri ;= \x — y\. 

(i) If 1 < i?i < 3 and t < 1, the proposition holds by virtue of Proposition 16.21 

(ii) If > {RiY (when t < 1), the proposition holds also by virtue of Proposi¬ 

tion [621 

(hi) If t > 1 and 3t > Ri > t, the proposition holds by virtue of Proposition 16.41 

(iv) We now assume {t,Ri) £ ((0,1] x (3, oo))U((l, oo) x (3t, oo)) and Ri{log{Ri/t))^^~^^^^ < (i?i)^, 

which is equivalent to Ri exp{— (i?i)^} < t. Note that Ri/t > 3. 

Let A; > 2 be a positive integer such that 


1 < i2i log 


<k<R^\\og^\ +l<2i?ihog^j 


( 6 . 10 ) 


We define rt := (2 ^a<I> ^(t/i?i)) A ((6) ^(log(i2i/t))^/^). Then, by (j6.10p we have 

(2-‘a<|.->(«M))A§<n<i(log:^) ' <§. (6.11) 

Let X = xo,xi, ■■■ ,Xk = y he the points equally spaced on the line segment connecting a; to y so 
that \xi — = Ri/k for i = 0, • • • , A: — 1 and Bi := B{xi,rt), with i = 0,1, 2,... , /c. Then, 

Su{yi) > 2“^a<I>“^(t) > 2“^a<I>“^(t/A:) for every yi G Bi. Note that from (16.lip we obtain 

IRi , , , , , , 5 i?i , , 

x-r ^ Yi - ^i+i “ < \yi - yi+i < \xi - Xj+i -h 2rt < (6.12) 

6 k 6 k 

for every (yj,yj+i) £ Bi x We also observe that, by (|6.10p 

^ < A(iog(i?i/i))V/3 <sups ^(log s)^/^ < oo 
k Rl s>3, 


^>i(log(i2i/t))V/3>i(log3)V/3>0. 

Thus, using Proposition 16.21 along with (|6.10p and (I6.12p we obtain 

Pm{t/k,yi,yi+i) > ci^j{\yi - yi+i\) > C2^ (i^i/A:)"'^”^^ 

Since the definition of yields 

n > C6 A (log(i?i/i))^/^) > 


(6.13) 
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by using (IG.lOp . (I6.13P and the semigroup property we conclude that 

pu{t,x,y)> ••• / pm{t/k,x,yi)---puii/k,yk-i,y)dyi---dyk-i 
J Bi J Bk-\ 


/ f \ C5fc+(/32A/3) ^(fc-1) 

> C8 exp {-Cgk log{Ri/t)) 

> C8 exp (^-Cg log + 1^ log(i?i/t)^ 

> C8 exp (^-2cg (^Ri log ~) ) 

^ ftexp (^- 2 c 9 (^i?ilog(/?i/t)~^^ 

exp (-2cg (^Ri (^1 + log+ {Ri/t)^ 


if {t,Ri) G (0,1] X (3, oo) 
if {t,Ri) G (l,oo) X (3t,oo). 


□ 


Propositions 16.6116.71 together with Proposition 16.21 and Propositions 16.4116.51 yield the interior 
lower bound estimates of Theorem 16.II for /3 G (l,oo]. 


Remark 6.8 Assume that D is an connected open set with the following property: there exist 
Ai G [l,oo) and Ag G (0,1] such that for every r < 1 and x,y in D with 5d{x) A dniy) > x there 
exists in D a length parameterized rectihable curve I connecting x to y with the length |^| of / less 
than or equal to Ai|x — y\ and ^ for u G [0, |/|]. 

Under this assumption, we can also prove Theorem 16.11 on such D with minor modifications. 
We omit the details here; see m Section 3] for the case t < T and (j){r) = r“. 


7 Two-sided heat kernel estimates 


In this section we prove the two-sided estimates of pu{t,x,y) under conditions (|5.4I) and (|5.5I) . 


Theorem 7.1 Suppose (UJS), (|5.4p and (|5.5p hold. There exist ci,C 2 ,C 3 > 0 such that for all 
{t,x,y) G (0, oo) X El X H, 


pu{t,x,y) < Cl 






hc 2 ,i{t, \x - y\/6) 

kc2,i{t, |a; -y|/ 6 ) 


ift G (0,1), 
ift G [l,oo), 


and 


pu{t,x,y) > ^ 






hc3,i{t,3\x 

kc3,i{t,3\x 


y\m 

y\m 


ift G (0,1), 
ift G [l,oo). 


Proof. By Theorem 15.51 we only need to show the lower bound of pMit,x,y). For this, we will 
apply Theorem 14.51 Let be the constant C 4 in Theorem 16.11 with T = 1/3. 
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Since r —)• ha^xit, r) and r —)• ka^xit, r) are decreasing, we have by Theorem IG.ll that for \x — y\ > 


inf PM{t/S,u,v) > Cl 

{u,v):2M^i>-^{t)<\u-v\<i\x-y\/2 
*(%(■“)) A«(%(i;))>a]^t 


> C2 


^C4,i/3(V3,3|x - y|/2) iffe(0,1), 
.^C4,i/3(i/3, 3|x - y\/2) if t G [1, oo), 

hc3,i(f,3|x - 2/1/2) iffG(0,1), 
/Cc3,i(t,3|x - y|/2) ifiG[l,oo). 


(7.1) 


When 6Mi4> ^(f) > r and f > 1, by (j5.7ll . we have > r. Thus on 6Mi4> ^{t) > r and 

f > 1 


kci,i/3{t/^,r) > C4 < 


$-l(/)-<^ 


if /3 = 0, 


/C4(r«A3!i)) 

if/3G (0,1], 

exp 1 

Lc4((r{l + log+|)T)A3d)) 

if /3 G (l,oo). 

exp ( 

(-C4((r{l + log+f))A34)) 

if /3 = oo, 


> C5^-'(f)-T 

So by (j7.2jl and Theorem 16.11 for \x — y\ < 4Mi$“^(f), 

4>"^(f) > C6 

Combining (I4.10p . (17.ip and (|7.3p . we conclude that 

>J,/£(pI,d (./Mm' 


/ic7,i(t,3|x - 2/1/2) iftG(0,1), 

/Cc7,i(t,3|x - 2 / 1 / 2 ) iftG[l,oo). 


(7.2) 


(7.3) 


/icg,i(t,3|a; - 2/1/2) iftG(0,1), 
/cc9,i(T3|x - 2 / 1 / 2 ) iftG[l,oo). 


□ 


Remark 7.2 (i) In view of Theorem l5.3[ we can restate Theorem 17.II as follows. There are positive 
constants Cj, 1 < z < 5, so that 

where p{t,x) is the transition density of X. This essentially confirms the conjecture (jl.ip for this 
class of symmetric Levy processes and for D = M. 

(ii) Recently sharp two-sided Dirichlet heat kernel estimates have been established in [TSldB] for 
a large class of symmetric Levy processes in open sets for t < 1. The Levy process considered 
in [laile] satisfy the conditions (15.411 . (15.5p and (UJS) of this paper. Now assume X is a symmetric 
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Levy process considered [laiis]. Then using the “push inward” method of [2^ (see m for its 
use in relativistic stable processes case) and the short time heat kernel estimates in [mile] , we 
can obtain global sharp two-sided Dirichlet heat kernel estimates on half-space-like open sets 
from the the Dirichlet heat kernel estimates established in this paper on half-spaces. We leave the 
details to the interested reader. 

Acknowledgement. We thank the referees for helpful comments. 
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